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Abstract

We construct a finite ensemble of four-qubit mixed states whose visible quantum compression
rate exceeds its Holevo information even with unlimited shared classical randomness. The
ensemble consists of the 510 states (I 4+ bP)/16, where P ranges over the nonidentity Hermitian
four-qubit Pauli operators and b € {—1,1}, with uniform probabilities. Its Holevo information
is one bit. For every blocklength n, every quantum message dimension m, arbitrary mixed
encodings and collective decoding channels, the average trace-distance error satisfies 1 — ¢, <
m?/%(53/170)"/2. The state reconstructed with the shared seed is averaged before the trace
distance is evaluated. Thus the rate is at least %10g2(170/53) = 1.1209803. .. qubits per signal,
and the error tends to one exponentially below this bound. The proof combines an exact Pauli
support moment with dimension bounds on the purities of partial Choi matrices. This gives a
counterexample to Holevo-rate achievability for visible compression with free shared classical
randomness.

1 The question and the counterexample

In visible compression, a sender knows the classical label of the quantum state to be reproduced.
For an ensemble of mixed states, its Holevo information is a natural lower bound on the quantum
communication rate. Whether this lower bound can always be achieved is sensitive to both the
available shared resources and the approximation criterion. Winter’s Conjecture 23 [1] proposes
Holevo-rate visible compression with common randomness at a prescribed rate. We give an explicit
counterexample even when the amount of shared classical randomness is unrestricted.

Information and compression cost were already known to differ in one-shot settings. Jain,
Radhakrishnan and Sen [2] constructed random-subspace ensembles resisting compression into small
subspaces. Bab Hadiashar and Nayak [3] proved one-shot incompressibility for general decoding
channels and established lower bounds on combined communication and entanglement cost. Their
support-projection tests are also the starting point here. The additional step is a bound for every
tensor power of one fixed finite ensemble, with arbitrary shared classical randomness.

For comparison, Hayashi’s regularized entanglement-of-purification formula describes the unas-
sisted visible rate [4]. Nator and Pereg characterize a classical-message coordination problem with
shared randomness [5]. Baghali Khanian gives visible-compression strong-converse bounds through
regularized Rényi entanglement of purification in an unassisted model [6]. These resource models
do not directly give the quantum-message, freely randomized converse proved below.

1.1 Coding model

All logarithms are base two. Let {p,, W, },ex be a finite ensemble on B = CP, with py > 0. The
labels X1, ..., X, are independent with distribution p, and Wyn = W,, ® --- ® W, . Alice knows



z™. Alice and Bob share a finite random variable S,,, independent of X", with arbitrary distribution
qn. Its size is unrestricted. For each seed s, Alice sends an arbitrary density operator 7,» s on a
fixed message space M,, of dimension m,,. Bob applies a completely positive, trace-preserving map
Dps : L(M,) — L(B®™). No shared entanglement or other communication is available.

The reconstructed state and error are

Wa:” = ZQn(S)Dn,S(Tx",s)7 (1)
1 ne.n 7
6n:§Zp (™) |Wan — Wan||1. (2)
The seed is averaged in (1), before the norm in (2). Define
Rvsoe(p, W)=  inf  limsup 28" W) =50 | = S pes(V,). (3)
vis,q,cr\ D5 = {codesien 0} n%oop n X\P, = a DWWy a Dz xz)-

The universal equality Ryis g,cr = X is the free-randomness communication part of Winter’s conjecture.
It is also the exact question recorded in the QIQCOP catalog [7].

1.2 Main result

Write Py = {I, X,Y, Z}®* for the unsigned Hermitian four-qubit Pauli basis, including the identity.
The signs of the individual tensor factors are fixed by the usual Pauli matrices.

Theorem 1. Let D = 16. On the 510 labels (P,b) with P € Py \ {I} and b € {—1,1}, take the
uniform distribution and the states

(4)

Their Holevo information is x = 1. For every positive integer n and every code in the model above,
with message dimension m = my,,

53 n/2
ey <m¥ () | 5
=170 (5)
Consequently,
2 170
Ryis.q.cr(p, W) > Ry = 3 log =3 = 1.1209803210... > 1 = x(p, W). (6)

For every 6 > 0, a code with logmy,/n < Ry — 6 satisfies e, > 1 — 2730n/4,

The ensemble is independent of the blocklength and the allowed error. The theorem permits
mixed message states and a collective decoding channel on the entire block. Sending the original
four-qubit state gives the elementary upper bound Ryis g < 4; the exact optimal rate is not
determined. The exponential error bound applies below Ry, rather than asserting a strong converse
at the unknown optimum.

2 A support-moment bound for collective decoders

Suppose a finite ensemble has support projectors @, with Tr(Q,W,) = 1. Write Qun» = Qirq Qu, -
The trace-distance variational bound gives

—~ 1 —
TI‘(anWxn) Z 1 — iHWQCn — Wanl (7)
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Thus accurate reconstruction requires high average acceptance by these support tests. We bound
this acceptance uniformly over the encoder and decoder.
For a channel ® : £(C™) — L£(C%), use the unnormalized Choi matrix

Jo = Z [u)(v] @ (|u){v]). (8)
u,v=1
It is positive semidefinite and satisfies Trca Jo = I, and Tr Jp = m

Lemma 2. Every channel ® : L(C™) — L(C?) satisfies
Tr J2 < min{m? md}. 9)

Proof. Positivity and Tr Jg = m give Tr J(% < m?. Let v be a normalized eigenvector associated
with the largest eigenvalue A of Jg. The positive-operator inequality Jg > A|v)(v| implies

Iy, > Mo, pr = Trea [v)(v].

The density matrix pys has rank at most d, so its largest eigenvalue is at least 1/d. It follows that
A < d, and hence Tr J(% < ATr Jgp < dm. J

Let Fp denote the swap on two copies of C”. The next lemma is the part of the argument that
controls arbitrary block decoders.

Lemma 3. Assume
E:Q: ® Qz = al + cFp, a,c > 0. (10)

Fiz any channel D : L(C™) — L((CP)®"), and let T = D* be its Hilbert-Schmidt adjoint. For each
S C [n], define Dg = Trge oD and Js = Jp,. Then

Eon Tr[T(Qen)? = > a™ 1Sl Tr J2, (11)
SCln]
Egn Tr[T(Qun)?] < m'™(a 4+ D™ (0<t<1). (12)

Proof. Independence of the labels gives

EonQun @ Qun = Y a" 1*le¥ Fg, (13)

SC[n]

where Fg swaps the two copies of the sites in S and acts as the identity on all other sites. Tensor
factors are grouped into the two full output blocks on both sides of this equality.
The swap trick expresses the contribution of Fyg to the left-hand side of (11) as

Te[F (T © T)(Fs)].

[S|

Choose a Hilbert-Schmidt orthonormal Hermitian basis {H; }D
> Hj® Hj and T(H; ® Isc) = D§(H;), this contribution equals

on the sites in S. Since Fips) =

ZTI‘ DS - ||DS||HS super ||DS||2HS,super =Tr Jg‘ (14)

Here the squared superoperator norm is the sum of the squared Hilbert—Schmidt norms of the
images of an orthonormal operator basis. Taking the adjoint preserves this sum. In matrix units its



value is 32, ; [[Ds(|u) (v])];5]?, which is also the sum of the squared absolute values of the entries
of Jg. This proves (14) and then (11). For S = @, Dg is the trace map and Jg = I,,, so that the
contribution is m.
Each reduced channel has output dimension D!Sl. Lemma 2 therefore gives the intermediate
bound
n
Epn TrT(Qen)?] < S (Z) a" % ek min{m?2, mDF}. (15)
k=0
For positive u,v and 0 < ¢t < 1, min{u,v} < u'v'~!. Thus the minimum in (15) is at most
m!*T* D=k The binomial theorem gives (12). O

Corollary 4. Under (10), every code in the model of Section 1 satisfies
1— e, <m*)/2(g 4 cD'H)"/2 (0<t<1). (16)

Proof. First fix a decoder D and arbitrary message states 7,». Complete positivity implies T(Qyn) >
0, and consequently

Tr[QenD(7n)] = Tr[T'(Qqn ) o]

ST (Qan)lloo < 4/ Tr[T'(Qan)?]-

Averaging over " and applying the scalar Cauchy—Schwarz inequality and Lemma 3 bounds the
average acceptance by the right-hand side of (16).

Apply this bound separately to each decoder D, ;. Independence of S, and X" keeps the label
distribution equal to p™ in every branch. The upper bound is independent of s, so its average also
bounds 3, p"(2™) Tr[Qun Wyn]. By (7), this average is at least 1 — ,. The argument averages an
affine acceptance probability; it does not move the seed average through a trace norm. O

3 The Pauli ensemble

We prove Theorem 1 by computing the two-copy support moment exactly. More generally, let D = 24
and let P, be the unsigned Hermitian ¢g-qubit Pauli basis. Its orthogonality is Tr(PP’) = Ddp pr.
Completeness and Hermiticity give

> P®P=DFp. (17)
PePy

Indeed, its matrix entries obey >_p PijPr = Dd;10j, by applying completeness to P;; Py, and using
Py = Py.

For nonidentity P, set Qpy = (I + bP)/2. It is a rank-D/2 projector, and Wpy = 2Qpy/D.
Uniformly averaging the signs and nonidentity Paulis gives

1 DFp —1
E =—([+ ———
PpQpry @ Qpy 1 ( + D1 )

D? -2 D
=al 4 cF = = —.

“irclfp,e=gpr_qy A(D? - 1)
Both coefficients are positive. For D =16 and ¢ = 1/2,

127 4 53
D7t =" 44— = 19
ate 510 71255 170 (19)
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Corollary 4 proves (5).

Each state in (4) is uniform on an eight-dimensional subspace, so its entropy is three bits. The
ensemble average is /16, of entropy four, and hence x = 1. For ¢,, < 1, taking logarithms in (5)
gives

logm, _ 2 170 4

> Zlog 4+ 2 log(1 — &), 20
L 2 gloegy g loa(l—en) (20)

The last term tends to zero along any vanishing-error code sequence. This bounds its lower limit, and
therefore also the upper limit used in (3). Strictness above one follows from the integer comparison

8- 53% = 22472 < 28900 = 1702

Finally, substituting logm,,/n < Ry — 0 into (5) gives the exponential bound in the theorem. This
completes its proof.

4 Interpretation and verification

The support constraints of this ensemble persist under tensor powers. Their second moment separates
into partial swaps, and each partial swap measures the purity of a reduced decoder’s Choi matrix.
Its output dimension and the common message dimension impose two simultaneous purity bounds.
Interpolating those bounds makes the resulting acceptance estimate decay even at one qubit of
communication per signal. Independent classical randomness only mixes decoders, so it cannot
evade this uniform estimate.

The theorem answers the universal achievability question negatively using one finite mixed-state
source. It does not give a rate formula for general ensembles, an exact rate for this source, or a
converse with shared entanglement. It uses the block trace-distance criterion (2); a criterion testing
only individual output marginals is a different task.

The accompanying source package contains the frozen derivation, an analytical audit and
diagnostic computations. Exact Pauli identities, finite arbitrary-channel moment comparisons
and extremal channel checks were supplemented by a separately implemented exact Gaussian-
rational calculation for a collective two-site channel. The latter directly enumerates 36 labels and
constructs all four partial Choi matrices. Intentionally incorrect contractions and omitted terms
are detected. These finite checks test algebra and implementation; the proof above establishes the
arbitrary-blocklength statement.

This manuscript was developed with Al assistance for derivation, literature comparison, compu-
tational checks and drafting under the author’s research direction. Verification to date is sequential
internal review, including the separately implemented check; it is not independent expert review
or formal proof verification. The comparison with the primary sources cited here did not identify
an equivalent fixed-source result. Publication priority and external acceptance have not been
established.
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