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Abstract

An observer receives N identical copies of one of three equally likely qubit states forming a
trine. The minimum error probability is 4−N +O(16−N ) when the copies are measured one at
a time with classical feedback, and ( 1

2 + o(1))4−N when a joint measurement is allowed. The
two optimal errors have the same exponent and a limiting ratio of two. For the lower bound,
condition on the first measurement. The geometry of the trine bounds the sum of the squared
posterior probabilities by 1/2. Montanaro’s pairwise-fidelity bound then gives error at least 4−N ,
even if all remaining copies are measured jointly.

1 The comparison
Let J be uniform on {0, 1, 2}. Conditioned on J = j, the observer receives |ψj⟩⊗N , where

|ψj⟩ = cos(2πj/3)|0⟩ + sin(2πj/3)|1⟩.

The states form an orbit under a qubit rotation of order three. Every pair of distinct vectors has
inner product −1/2. Write Pcoll(N) for the minimum probability of a wrong guess after an arbitrary
joint measurement. Write Pseq(N) for the infimum when the observer measures each copy once,
discards it, and carries only classical information to the next copy. Each measurement and the final
decision may use the entire outcome history and may depend on N .

For pure-state ensembles, single-copy measurements with classical feedback can attain the
collective error exponent [1]. A ratio of errors asks a finer question. It retains the multiplicative
constant lost on taking the logarithm and dividing by N . This is one precise reading of the
asymptotic-attainment question for geometrically uniform states in the Vienna open-problem
collection [2].

Theorem 1. For the equiprobable trine and every N ≥ 2, put t = 4−N and x = (−1/2)N . Then

t ≤ Pseq(N) ≤ 1 −
√

1 − 4t
2 , (1)

Pcoll(N) = 2x2(√
1 + 2x+

√
1 − x

)2 . (2)

Consequently lim
N→∞

Pseq(N)/Pcoll(N) = 2.
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2 What the first measurement leaves
Let n0, n1, n2 be the Bloch vectors of the trine, so that ρj = |ψj⟩⟨ψj | = (I + nj · σ)/2. They form
an equilateral triangle on a great circle. If Π is the orthogonal projection onto their plane, then∑

j

nj = 0,
∑

j

njn
T
j = 3

2Π.

Consider an arbitrary first-copy POVM M (positive operator-valued measure). Use the probability
measure µ(B) = TrM(B)/2 on its outcomes. In dimension two its density has the form M(dy) =
(I + vy ·σ)µ(dy), with |vy| ≤ 1 almost everywhere. Positivity gives the Bloch-ball constraint and the
definition of µ fixes the density’s trace to two. Since the average state is I/2, µ is also the actual
outcome law. Bayes’ rule gives

pj(y) = 1 + nj · vy

3 ,
∑

j

pj(y)2 = 1
3 + |Πvy|2

6 ≤ 1
2 . (3)

Thus every first outcome leaves
∑

i<j pi(y)pj(y) = (1 −
∑

j pj(y)2)/2 ≥ 1/4. An outcome that rules
out one state attains equality.

For any measurement on pure states |ϕi⟩ with priors pi, Montanaro’s fidelity bound [3, Theorem 1]
gives

e ≥
∑
i<j

pipj |⟨ϕi|ϕj⟩|2. (4)

Here is a binary-test proof of the form we need. Merge the final guesses into two labels, i and its
complement, and call the error of that decision Bi. For each j ̸= i, use this same binary test on
ϕi, ϕj with priors pi, 1 − pi. Its error is at least the binary Helstrom value (1 −

√
1 − 4u)/2 ≥ u,

where u = pi(1 − pi)|⟨ϕi|ϕj⟩|2. Averaging over j ̸= i with weights pj/(1 − pi) gives exactly Bi on the
left. Thus Bi ≥

∑
j ̸=i pipj |⟨ϕi|ϕj⟩|2. Each wrong guess is counted twice in

∑
iBi = 2e, which proves

(4). A prior concentrated on one label gives the inequality directly.
Allow a joint measurement on the N − 1 remaining copies after outcome y. The conditional

states are still |ψj⟩⊗(N−1) and every pair has squared overlap 4−(N−1). By (3) and (4), even this
joint measurement has conditional error at least 4−(N−1)/4 = t. Averaging over y proves the lower
bound in (1) for every sequential protocol. The estimate holds pointwise in the posterior, including
outcomes with a zero prior, so an N -dependent first measurement obeys the same bound.

3 Attaining the leading coefficient
On the first copy measure the three effects Mj = 2

3(I − ρj). They sum to I. Outcome j has
probability 1/3, eliminates state j, and leaves the other two states equally likely. This is the
antitrine measurement used in the optimal two-copy sequential protocol [4]. For two pure states,
adaptive single-copy Helstrom measurements attain the collective binary minimum error for any
number of copies [5]. Applying them here gives

UN = 1 −
√

1 − 4−(N−1)

2 .

This proves the upper bound in (1). In particular UN (1 − UN ) = t and UN ≤ 2t, so that
0 ≤ Pseq(N) − t ≤ UN − t = U2

N ≤ 4t2. The protocol therefore realizes the optimal leading
coefficient.
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4 The collective benchmark
The square-root measurement is optimal for equiprobable geometrically uniform pure states [6].
The collective N -copy trine has also been studied directly by Chitambar, Duan and Hsieh [7] and
by Wen-Hai Zhang [8]. We give the calculation to fix the factor in (2). The three product vectors
have Gram matrix G = (1 − x)I + x11T. For N ≥ 2 its eigenvalues 1 + 2x, 1 − x, 1 − x are positive.
Represent the signals on their span by the columns of S =

√
G. Its diagonal is constant, with value

d = (
√

1 + 2x+ 2
√

1 − x)/3. Measuring in the coordinate basis succeeds with probability d2. For
an explicit optimality certificate, let Y = dS/3. It dominates each weighted signal Seje

∗
jS/3, since

after congruence by S−1/2 the needed inequality is dI ⪰ S1/2eje
∗
jS

1/2, whose right side has sole
nonzero eigenvalue d. Thus TrY = d2 bounds the success probability of every POVM and matches
the attained value.

The two off-diagonal amplitudes in each column of S both equal (
√

1 + 2x−
√

1 − x)/3. Squaring
and summing them gives (2) after rationalization. Since x2 = t and x → 0, Pcoll(N)/t → 1/2, while
(1) gives Pseq(N)/t → 1. This proves Theorem 1.

Relation to earlier comparisons. Chitambar, Duan and Hsieh [7, Sec. IV-B3] prove that N ≥ 2
spatially separated parties cannot attain the finite-copy collective optimum, and exhibit a local
protocol whose success tends to one. Our ratio quantifies the residual errors for receivers that
discard each measured copy. Sentís, Martínez-Vargas and Muñoz-Tapia [9] study a different ternary
criterion that allows inconclusive outcomes and requires zero error on a guess.

Preparation. The author directed this AI-assisted work. The research agent derived the bounds,
checked the sources and calculations, and drafted the text. Review was internal. Independent expert
review and priority remain open.

References
[1] R. Nair, S. Guha and S.-H. Tan, Realizable receivers for discriminating arbitrary coherent-state waveforms

and multi-copy quantum states near the quantum limit, Phys. Rev. A 89, 032318 (2014).

[2] IQOQI Vienna, Individual measurement strategies on geometrically uniform states, Open Quantum
Problems, Problem 31.

[3] A. Montanaro, A lower bound on the probability of error in quantum state discrimination, IEEE
Information Theory Workshop (2008), doi:10.1109/ITW.2008.4578690.

[4] S. Croke, S. M. Barnett and G. Weir, Optimal sequential measurements for bipartite state discrimination,
Phys. Rev. A 95, 052308 (2017).

[5] A. Acín, E. Bagan, M. Baig, L. Masanes and R. Muñoz-Tapia, Multiple-copy two-state discrimination
with individual measurements, Phys. Rev. A 71, 032338 (2005).

[6] Y. C. Eldar and G. D. Forney, Jr., On quantum detection and the square-root measurement, IEEE Trans.
Inf. Theory 47, 858–872 (2001).

[7] E. Chitambar, R. Duan and M.-H. Hsieh, When do local operations and classical communication suffice
for two-qubit state discrimination?, IEEE Trans. Inf. Theory 60, 1549–1561 (2014).

[8] W.-H. Zhang, Detection of multiple trine ensemble, Quantum Inf. Process. 22, article 22 (2023).

[9] G. Sentís, E. Martínez-Vargas and R. Muñoz-Tapia, Online identification of symmetric pure states,
Quantum 6, 658 (2022).

3

https://arxiv.org/abs/1212.2048
https://arxiv.org/abs/1212.2048
https://oqp.iqoqi.oeaw.ac.at/individual-measurement-strategies-on-geometrically-uniform-states/
https://arxiv.org/abs/0711.2012
https://doi.org/10.1109/ITW.2008.4578690
https://arxiv.org/abs/1704.01409
https://arxiv.org/abs/quant-ph/0410097
https://arxiv.org/abs/quant-ph/0410097
https://arxiv.org/abs/quant-ph/0005132
https://arxiv.org/abs/1308.1737
https://arxiv.org/abs/1308.1737
https://doi.org/10.1007/s11128-022-03772-7
https://arxiv.org/abs/2107.02127

	The comparison
	What the first measurement leaves
	Attaining the leading coefficient
	The collective benchmark

