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Abstract

For an e-dimensional complex space of errors acting on C™, let ¢(e,n) be the largest code
dimension guaranteed by the Knill-Laflamme conditions without further assumptions on the
errors. We prove

max{l, {:2111” < cle,n) < LQZJ (1<e<n?).

The two bounds differ by at most one. Explicit error spaces attain the upper bound, so their
largest codes are within one dimension of the worst possible value. The lower bound follows from
a scalar-compression theorem: every D-dimensional operator system in M, (C) has a rank-k
scalar compression when 2 < k < n and n > Dk — 1. We minimize the squared traceless
parts of the compressed observables. At a positive minimum, stationarity supplies two linear
dependencies; these leave a common orthogonal direction along which a sum of second variations
is negative. Thus c(e,n) = n/(e?+ 1) + O(1) uniformly in e, n, with relative asymptotic equality
whenever n/(e? + 1) — co. Some finite integer values remain undetermined.

1 The guaranteed code dimension

How large an exactly correcting subspace must exist if only the dimension of the error space is
known? This is the tough-error-model problem in Kriiger and Werner’s collection [1, Problem 14]
and in its current catalog formulation [2]. Let £ C M,,(C) be a complex linear space with dimc € = e.
A nonzero subspace C C C" corrects £ if its orthogonal projection Pg satisfies

PcA*BPo = MNA, B)Pe (A,B€€) (1.1)
for suitable scalars A(A, B). This is the algebraic Knill-Laflamme condition [3, 4]. Define

a(€) = max{dim C : C satisfies (1.1)}, cle,n) = gcnz\?n(c)a(g)' (1.2)
di_mcz'ze

Every line satisfies (1.1), so these quantities are positive integers. The definition imposes neither
I, € £ nor a trace-preserving normalization on a basis of £. In particular, e counts a dimension of
an arbitrary error space, rather than the Kraus rank of a normalized channel.



Theorem 1.1. For all integersn > 1 and 1 <e < n?,

n—+1
e2+1

L(e,n) := max{l, { J} < c(e,n) <U(e,n):= { n -‘ . (1.3)

e?+1
There is an explicit e-dimensional error space &, with a(E.) = Ul(e,n). The gap U(e,n) — L(e,n)
s at most one.

Thus the construction is asymptotically optimal whenever the guaranteed code dimension
diverges. More precisely,

o cen) oy (1.4)

n)— | <1, e
(e;n) e2+1 n/(e2 +1) e2+1

The error bound is absolute and allows e to vary with n. This answers the asymptotically matching-
bounds version of the problem. It does not determine the exact rounding at every integer pair.

The new lower bound comes from treating all scalar-compression constraints at once. For a
Hermitian basis I,,, Hi, ..., Hp_1 of an operator system, consider the sum of the squared traceless
parts of X*H; X, where X is an n x k isometry. If this sum is positive at a minimum, stationarity
makes the columns of [X, H1X,..., Hp_1 X] linearly dependent in at least two directions. When
n > Dk —1, a vector perpendicular to all these columns remains. Rotating each column of X toward
that vector gives a negative sum of second derivatives, contradicting minimality. Section 2 gives the
argument without assumptions on the spectra or commutators of the observables.

For comparison, the historical estimate recorded in [1], from the Knill-Laflamme-Viola construc-
tion [4], has scale n/[e?(e? + 1)]. Reimpell also studied this problem through repeated Hermitian
compression and numerical optimization [5, Section 3.3.4]. In operator-system language, a scalar
compression is a quantum anticlique. Weaver’s general existence argument [6, Theorem 2.10]
uses diagonal compression followed by a convex partition, with an ambient dimension requirement
quadratic in the operator-system dimension. Allen and Kornell [7, Theorem 2.7] obtain sharper
bounds in small dimensions: dimension at most 2¢ + 1 guarantees rank k when n > 3°(k — 1), and
dimension at most 2¢ 4 2 when n > 2 - 3¢(k — 1). In particular, their result gives ¢(2,n) > [n/9],
whereas (1.3) has asymptotic coefficient 1/5. These comparisons concern the stated general bounds;
special low-dimensional results can have better integer thresholds than the theorem below.

The upper construction uses standard rank-one spanning vectors from Li and Tam [8, Section 2.1]
and the block-rank obstruction in Weaver [6, Proposition 2.1]. Section 3 assembles these ingredients
into an e-dimensional error space, including the zero label required by the unnormalized formulation.
The construction and its exact largest-code calculation are included in full. Geometric and variational
descriptions of scalar compression also occur in recent work on Pauli detection [9, 10]; the theorem
here is a uniform existence statement for arbitrary operator systems, with no prescribed Pauli or
representation structure.

2 A variational scalar-compression theorem

An operator system V C M, (C) is a complex linear subspace containing [,, and satisfying V* = V. A
rank-k scalar compression of V is an isometry X : C¥ — C” for which X*H X is a scalar multiple
of I, for every H € V. Equivalently, P = X X* is a rank-k projection with PVP = CP.



Theorem 2.1. Let V C M, (C) be an operator system of complezx dimension D. If 2 <k <n and
n>Dk—1, (2.1)

then V has a rank-k scalar compression. Consequently, every such system has a scalar compression

of rank at least
n+1
i 1 : 2.2
mm{n,max{ , { o) J}} (2.2)

For D =1, the entire space is a scalar compression.

Proof. The self-adjoint part of V has real dimension D and spans V over C. Choose a Hermitian
basis I, H1,..., Hp_1. For an isometry X € M,,.x(C), set

. Tr G;
Gj=X"H;X, m=—7 ?

D-1
. =Gy -y,  F(X)= ) Tx(T}). (2.3)
j=1

Each Tj is Hermitian and traceless. Thus F(X) > 0, with equality precisely when X is a scalar
compression. The function is continuous on the compact space of isometries and invariant under
X — XU for unitary U € My(C). Fix a global minimizer X and suppose that F/(X) > 0.

For an arbitrary variation Z of X, differentiation gives

(Z HjXTj) * Z

J

dFx[Z] = 4ReTr (2.4)

Every Z satisfying X*Z = 0 is tangent to the isometries at X. Since (2.4) vanishes for all such Z,
the horizontal component of the gradient is zero. Hence

S H;XT; =XS, S=) GIj. (2.5)
J J
Each G; commutes with T}, so S is Hermitian. Introduce the block matrices
-5
11
M=[X HX - HpaX|, B=| . | (2.6)
Tp—
Equation (2.5) says M B = 0. Since F(X) > 0, at least one T} is a nonzero traceless Hermitian
matrix. Such a matrix has both a positive and a negative eigenvalue, and therefore rank at least
two. As a block of B, it implies rank B > 2. The matrix M has Dk columns, and its kernel contains

the range of B. Consequently,
rank M < Dk — 2 < n. (2.7)

Choose a unit vector y € C™ orthogonal to the range of M. Then
X*y =0, X*Hjy=0 (1<j<D-1), (2.8)

where the second equality uses H; = Hj.

Write X = [z1,...,2x|. For each a € {1,...,k}, replace the column z, by cosfx, + sinfy,
leaving all other columns fixed. Denote this isometry by X,(0) and put F,(0) = F(X,(0)). Let f,
be the ath coordinate vector of C¥, E, = f,f, and Cy(0) = I + (cos§ — 1)E,. Then

Xa(0) = XCu(0) +sinbyf,.



Writing h; = y*H,y, the orthogonality in (2.8) gives the exact identity

Xo(0)*H; X, (0) = Co(0)G;Co(0) + sin? 0 h, E,. (2.9)
Its expansion at zero is

) 2(p. 1 . . 4
G+ 0% (hjEa — 5(BuGj + G E) ) + O(0). (2.10)

There is no first-order term. Since Tr(TjQ) = Tr(G?) — (Tr G;)?/k, differentiation yields

F(0) =43 Te|T; (hjBo — §(EuGj + Gy Ba))|

J

=4 Z (hj(Tj)aa - (GjTj)aa) . (2~11)

The last step again uses G;T; = T;G;. Summing over the k column rotations cancels the terms
containing hj, because TrT; = 0. Moreover, Tr(G;T}) = Tr(TjQ). Therefore

Zk: FJ(0)=—4) Tr(T7) = —4F(X) < 0. (2.12)
a=1 J

Every F(0) must be nonnegative at a minimum, which is a contradiction. Thus F(X) = 0.

A rank-one scalar compression always exists. If D > 2 and the rank in (2.2) is at least two, it
satisfies (2.1) and is at most n, so the first part applies. If D = 1, then V = CI,, and rank n is
immediate. O

Remark 2.2. The same argument shows that any positive stationary value of F' has a direction
of negative second variation under (2.1). The existence proof uses compactness to select a global
minimum; it does not provide a running-time guarantee for finding a correcting code.

Corollary 2.3. Every e-dimensional complex error space in My,(C) has a correcting code of
dimension at least L(e,n) in (1.3).

Proof. Choose a complex basis A1,..., A, of £ and form
Ve = spanc{l,, AjA; : 1 <1i,j <e}. (2.13)

This is an operator system of dimension d < e + 1. Let k = |[(n + 1)/(e? +1)]. If k > 2, then
k <mnandn > (62 + 1)k —1>dk — 1, so Theorem 2.1 gives a rank-k scalar compression of Vg. The
pairwise products A7 A; then satisfy (1.1), and sesquilinearity extends the condition to all A, B € £.
When k < 1, any line is a correcting code. ]

3 Explicit tough error spaces

We next construct the error spaces attaining the upper bound in Theorem 1.1. The basic obstruction
is the following block-rank calculation [6, Proposition 2.1].



Proposition 3.1. Let Py,..., P, be nonzero mutually orthogonal projections summing to I, and
let V = spanc{Pi,...,P;}. The largest rank of a scalar compression of V is max,rank Ps.

Proof. If a rank-k projection P satisfies PP P = AP for all s, positivity gives A; > 0 and summing
gives Y . A\s = 1. For some s, A\; > 0, and hence k = rank(PP;P) < rank P;. Conversely, the range
of any P; is a scalar compression of V. O

Assume first that 1 < e < n, and put t = min{n,e? + 1}. Let u1,...,u. be the coordinate
vectors in C¢. Make an ordered list of e? vectors by taking all u; first, followed, in lexicographic
order on ¢ < j, by

U; + U, u; + in. (3.1)

These are the coordinate and pair vectors in the rank-one spanning construction of Li and Tam [8,
Section 2.1], without normalizing their lengths. Let vy = 0, and let vy,...,v;—1 be the first t — 1
vectors of the list. Because t — 1 > e, all coordinate vectors are included.

Decompose C™ into ¢ nonzero coordinate blocks with dimensions differing by at most one, and
denote their projections by Fp, ..., P,—1. Explicitly, writing n = ¢t +r with 0 < r < t, take r blocks
of dimension ¢ + 1 and ¢t — r blocks of dimension ¢. Define diagonal errors

t—1
Ay = Z(vs)aPS (I1<a<e), Eem =spanc{Ai,..., Ac}. (3.2)
s=0

On the block labelled by u;, A, equals d4;1. Thus the A, are linearly independent and dim &, = e.

To identify their product space, write D; for the projection of the block labelled by wu;. For
i < 7, let R;; and S;; be the projections of the blocks labelled by u; + u; and u; + iuj, respectively;
a missing block means the zero projection. The labels give

ATA; + AT A; ATA; — ATA;
A:Aj = Rij + iSZ'j, Rz‘j = %, iy = % (3'3)
They also give
D= AjA; — Z (Bpq + Spq); (3.4)
p<q
i€{p,q}
Pyo=1,— ZDi - Z(Rij + Sij). (3.5)
i i<j

Every block projection therefore belongs to Vg, ,,. Conversely, the errors and all their products are
constant on each block. We have proved

V... = spanc{F, ..., P-1}. (3.6)

Proposition 3.1 now gives
n n

(8% g = _— = — . 3.7
€ = 5] = |25 3.7
The last equality holds because t = €2 + 1 when n > €% + 1, and both ceilings equal one otherwise.
The rank argument applies to every subspace, including codes with support across several blocks.
For e > n, let &, contain all n diagonal matrix units and extend them by off-diagonal matrix
units, in lexicographic order, to a linearly independent set of e errors. Since Vg, , contains the n
rank-one coordinate projections, the same rank argument forces every code to have dimension one.



Here [n/(e? +1)] = 1. This covers the remaining parameters, including n = e = 1, and proves the
upper bound in Theorem 1.1.
The smallest two-error example displaying all five labels is

A; = diag(0,1,0,1,1), A = diag(0,0,1,1,1). (3.8)

Its product system, with the identity adjoined as in (2.13), is the full diagonal algebra in Mj5(C), so
its largest code has dimension one. Replacing the five coordinates by balanced blocks gives largest
code dimension [n/5] for every n > 5.

4 Asymptotics and the remaining integer gap

It remains to check the one-dimension gap in Theorem 1.1. Write D = e? 4+ 1 and n = ¢D + r, with
0<r<D.Ifr=0orr=D—1, the two sides of (1.3) agree. For 1 <r < D — 2 and q > 1, they
are g and ¢ + 1. If ¢ = 0, both bounds are one. This proves the stated gap and (1.4). It also gives,
uniformly in all admissible parameters,

cle,n) = @(max{l, 6211}) . (4.1)

For example, absolute comparison constants 1/2 and 2 follow directly from (1.3).

The bounds recover ¢(1,n) = [n/2], also a consequence of the Hermitian higher-rank numerical-
range formula [11]. They give c¢(e,n) = 1 whenever n < e? + 1, and exact values at n = g(e? +1) and
n = q(e? + 1) — 1 for every admissible positive ¢q. For two errors, this yields ¢(2,9) = ¢(2,10) = 2
and ¢(2,14) = ¢(2,15) = 3. At (e,n) = (2,6), the present argument leaves 1 < ¢(2,6) < 2.

The corresponding integer question for arbitrary operator systems is whether every D-dimensional
system has a scalar compression of rank [n/D]. This is a form of Weaver’s conjecture on the
lower quantum Turdn numbers [6, following Theorem 2.11]. For D = 3, the stronger threshold
n > 3k — 2 is known [7, Lemma 2.3]. Theorem 2.1 gives n > Dk — 1 for every D but does not reach
the conjectured threshold n > D(k — 1) + 1 in general. The remaining rounding problem for error
spaces may also benefit from their factorization as products AjA;, which was not used beyond the
dimension bound in Corollary 2.3.

Finally, normalization changes the extremal problem. If a chosen error basis satisfies ), AT A; =
I,,, then the identity already lies in the product span and dim Vg < e2. The scalar-compression
theorem still applies with that smaller dimension. The explicit models in Section 3, however, use a
common zero block and need not satisfy this normalization. Equation (1.3) concerns the arbitrary
linear error spaces in (1.2).
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