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Abstract

Rizzo and Leone gave a fixed stabilizer protocol that converts eight copies of an arbitrary
unknown pure qubit ψ into an exact |CCZ⟩ state with probability 2

3m3(ψ), where m3 =
(1 − x6 − y6 − z6)/2 in terms of the Bloch vector (x, y, z), and proved that no such protocol
exceeds 7

6m3; whether 2
3m3 is optimal was left open. It is not. We give an explicit catalyst-free

protocol of Pauli measurements, classical feedforward, Clifford unitaries and discarding whose
nine accepted branches each output exactly |CCZ⟩, with total acceptance probability exactly
m3(ψ) for every pure ψ. Hence the optimal eight-copy success probability lies in [m3,

7
6m3],

and the candidate optimum 2
3m3 fails at every non-stabilizer input; at the T-type magic state

the success probability rises from 8/27 to 4/9. Every accepted branch acts with rank one on
the symmetric subspace, and a new branch recycles weight that a two-thirds protocol of the
same form discards, raising the kept share of each of three sector directions from 4/7 to 6/7.
A standalone program verifies every finite identity exactly, using only the Python standard
library.

1 Introduction

Magic states supply the non-Clifford resource that makes Clifford operations universal [3]. In
universal magic state concentration [1], a fixed stabilizer protocol, independent of the input,
receives k copies of an arbitrary unknown pure qubit ψ and must output an exact magic state on
every accepted branch; stabilizer protocols consist of Clifford unitaries, pure stabilizer auxiliary
states, Pauli measurements, classical feed-forward and discarding. The relevant magic measure is
m3(ψ) = 1

2(1 − x6 − y6 − z6), where (x, y, z) is the Bloch vector of ψ; in [1] it is denoted M lin
3 , a

linearised order-three stabilizer Rényi entropy [4]. For eight copies and the target |CCZ⟩, Rizzo and
Leone constructed a protocol with success probability 2

3m3 [1, Theorem 2, proved as Theorem 7]
and proved that no stabilizer protocol exceeds 7

6m3 [1, Proposition 1, proved as Proposition 3,
Eq. (133)]. Their six-copy protocol is optimal; at eight copies, optimality was left open.

The question is recorded in [2]. Let U8 be the class of fixed protocols built from stabilizer
ancillas, Clifford unitaries, Pauli measurements, classical feedforward and discarding, chosen
independently of the input and without a magic catalyst, whose accepted branches map ψ⊗8

exactly to
|CCZ⟩ = 2−3/2 ∑

x∈{0,1}3

(−1)x1x2x3 |x⟩; (1)

acceptance may vanish on stabilizer inputs. With pΛ(ψ) the acceptance probability (the total
weight of the accepted branches) of Λ ∈ U8 on ψ⊗8 and p∗

8(ψ) = supΛ∈U8 pΛ(ψ), the record asks
whether the candidate optimum

p∗
8(ψ) = 2

3 m3(ψ) (2)
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holds for every pure qubit ψ. The class U8 consists of the eight-copy stabilizer protocols of [1], so
Eq. (2) asserts that the value reached in [1] is optimal.

Theorem 1. The protocol Λ∗ of Definition 1 lies in U8. Each of its nine accepted branches outputs
exactly |CCZ⟩ whenever it occurs, and for every pure qubit ψ with Bloch vector (x, y, z)

pΛ∗(ψ) = m3(ψ) = 3
2 (1 − x2)(1 − y2)(1 − z2). (3)

Since m3 > 0 away from the six stabilizer states, Eq. (2) fails at every non-stabilizer ψ, and
m3 ≤ p∗

8 ≤ 7
6m3 (Corollary 7); the exact value of p∗

8 remains open. The mechanism is as follows.
After X⊗8 and Z⊗8 are measured, each nontrivial outcome pair selects a sector that meets the
three-dimensional subspace M8 of symmetric vectors orthogonal to all stabilizer product states
in one direction EP . Each accepted branch acts with rank one on the symmetric subspace, so
its output does not depend on ψ, and a Clifford circuit decodes it to |CCZ⟩. Two branches per
sector keep 4/7 of EP , which gives 2

3m3; a third branch, on the outcome that these two discard,
keeps another 2/7, and 6

7 · 7
6m3 = m3. The last seventh sits in a branch whose image in M8 is a

stabilizer state, which no continuation can use (Proposition 9).

2 Setting and notation

Conventions. Qubits are labelled 0, . . . , 7, and the basis state |s⟩, s ∈ {0, 1}8, corresponds to
the integer

∑
q sq2q, so qubit q is bit q. We write |s| for the Hamming weight, ei for the string

with a single 1 at position i, and s̄ = s ⊕ 18. The Pauli matrices are X, Z and Y = iXZ. For
P ∈ {X,Y, Z} and S ⊆ {0, . . . , 7}, PS is P on every qubit of S; P⊗8 = P {0,...,7} and PiPj = P {i,j}.
We use E1 = {0, 1, 2, 3} and E2 = {0, 3, 4, 5}, and CXc,t denotes the CNOT gate with control c
and target t. The gates H = (X + Z)/

√
2 and R = e−iπX/4 = (I − iX)/

√
2 = e−iπ/4HSH, with

S = diag(1, i), are Clifford gates, and HZH = X, RXR† = X, RZR† = −Y . For a triple O of
qubits, |CCZ⟩O is the state (1) on O; it is symmetric under permutations of O.

Symmetric subspace and M8. For ψ = a|0⟩ + b|1⟩, not necessarily normalised, let uw =∑
|s|=w |s⟩ for w = 0, . . . , 8. Then

ψ⊗8 =
8∑

w=0
a8−wbw uw, (4)

and Sym8 = span{u0, . . . , u8}, with orthogonal projector ΠSym. For normalised ψ the Bloch vector
is given by x + iy = 2āb and z = |a|2 − |b|2. The six stabilizer states τ are the multiples of
(a, b) = (1, 0), (0, 1), (1,±1), (1,±i), the zeros of the sextic

f6(a, b) = ab(a4 − b4) = ab(a− b)(a+ b)(a− ib)(a+ ib). (5)

Following [1], M8 is the set of Φ ∈ Sym8 orthogonal to all six τ⊗8. For Φ =
∑

w cwuw the binary
form pΦ(α, β) =

∑
w

(8
w

)
cwα

8−wβw satisfies ⟨ψ⊗8|Φ⟩ = pΦ(ā, b̄), and Φ 7→ pΦ is an isomorphism
onto the binary forms of degree 8. Complex conjugation permutes the six stabilizer points,
so Φ ∈ M8 if and only if f6 divides pΦ. Hence {pΦ : Φ ∈ M8} = f6 · {quadratic forms} and
dimM8 = 3, as in [1, Lemma 4].

Sectors. The joint eigenspaces of the commuting operators X⊗8, Z⊗8 with eigenvalues (−1,+1),
(+1,−1) and (−1,−1) are called the sectors Z, X and Y . As X⊗8uw = u8−w and Z⊗8uw =
(−1)wuw, the unit vector

EZ = (u2 − u6)/
√

56 (6)
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lies in sector Z, and pEZ
= 28√

56 αβf6(α, β), so EZ ∈ M8. Let EX = H⊗8EZ and EY = R⊗8EZ .
Conjugation by H⊗8 exchanges X⊗8 and Z⊗8; conjugation by R⊗8, in either direction, fixes
X⊗8 and maps Z⊗8 to Y ⊗8 = X⊗8Z⊗8. So EX and EY lie in sectors X and Y . Both unitaries
preserve Sym8 and permute the τ⊗8 up to phases, hence preserve M8. Thus (EX , EY , EZ) is an
orthonormal basis of M8 with one vector per sector, and the eigenspace (+1,+1) is orthogonal to
M8.

Stabilizer operations. A Kraus operator of an accepted branch of Λ ∈ U8 is a composition
of Clifford unitaries, tensoring with stabilizer states, Pauli projectors (I ± P )/2 and maps ⟨s|q
that discard a qubit q. Each of these maps a stabilizer vector (a multiple of a stabilizer state)
to a stabilizer vector or to zero [5]. Exactness means that Kψ⊗8 ∈ C|CCZ⟩ for every such
K and every ψ. The state |CCZ⟩ is not a stabilizer state: if XuZv|CCZ⟩ ∈ C|CCZ⟩ then
x1x2x3 + (x⊕ u)1(x⊕ u)2(x⊕ u)3 + v · x is constant modulo 2, which forces u = 0 and then v = 0,
whereas a three-qubit stabilizer state is fixed by eight Pauli operators. Therefore Kτ⊗8 = 0 for
every stabilizer state τ , and since Sym8 is the orthogonal sum of M8 and the span of the τ⊗8,

K ΠSym = K ΠM8 for every accepted Kraus operator K of every Λ ∈ U8. (7)

With
∑

K K†K ≤ I this gives pΛ(ψ) ≤ ⟨ψ⊗8|ΠM8 |ψ⊗8⟩ = 7
6m3(ψ) (Remark 8), which coincides

with the bound of [1, Proposition 1] at eight copies.

3 The protocol

Definition 1 (the protocol Λ∗). The input ψ⊗8 occupies qubits 0, . . . , 7; no auxiliary qubits are
used. (i) Measure X⊗8, then Z⊗8. Reject on (+1,+1); otherwise let P = Z, X or Y for the
outcomes (−1,+1), (+1,−1) or (−1,−1). (ii) Measure PE1 . On outcome −1, measure P0P1 and
go to leaf A1 (outcome +1) or A2 (outcome −1). On outcome +1, measure PE2 ; go to leaf B on
−1 and reject on +1. (iii) At leaf L ∈ {A1, A2, B} of sector P , apply the Clifford unitary DLC

†
P ,

with CZ = I, CX = H⊗8, CY = R⊗8 and DL from (8); output the qubits OA1 = OA2 = (4, 5, 6),
respectively OB = (0, 1, 4), and discard the other five.

The tree has 13 leaves: the rejected root outcome and, in each sector, A1, A2, B and the
rejected leaf R (PE1 = PE2 = +1). With gates listed in the order in which they are applied, the
decoders are

DA1 =
[
CX0,1,CX0,4,CX0,5,CX0,6,CX0,7, H0, X0; CX2,3, H2, X3; G4,5,6,7

]
,

DA2 =
[
CX2,3,CX2,4,CX2,5,CX2,6,CX2,7, H2, X2; CX0,1, H0, X1; G4,5,6,7

]
,

DB =
[
CX0,3,CX1,2,CX4,5,CX6,7,CX3,2,CX5,7,CX3,5, X5;

H0, H1, H4, H6,CX4,3,CX6,3; G0,1,4,6
]
,

Ga,b,c,d =
[
CXa,d,CXb,d,CXc,d, Xd,CXc,a,CXc,b, Hc

]
,

(8)

with 17, 17 and 21 gates. The leaf states of sector Z are

χL =
∑

{i,j}∈TL

(
|ei + ej⟩ − |ei + ej⟩

)
,

TA1 = {2, 3} × {4, 5, 6, 7},
TA2 = {0, 1} × {4, 5, 6, 7},
TB = {0, 3} × {1, 2} ∪ {4, 5} × {6, 7},

(9)

where I × J denotes the pairs {i, j} with i ∈ I and j ∈ J . Each TL contains 8 of the 28 pairs, so
∥χL∥2 = 16. With Wij = |10⟩ij + |01⟩ij , Wabcd the sum of the four weight-one strings on qubits
a, b, c, d and W abcd the sum of their complements,

χA1 = W23
(
|00⟩01W4567 − |11⟩01W 4567

)
, χA2 = W01

(
|00⟩23W4567 − |11⟩23W 4567

)
,

χB = W03W12
(
|0000⟩4567 − |1111⟩4567

)
+

(
|0000⟩0123 − |1111⟩0123

)
W45W67.
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The leaf states of sectors X and Y are H⊗8χL and R⊗8χL (Lemma 3), which DLC
†
P maps to

DLχL.

4 Proof of the theorem

For a leaf L of sector P , ΠP
L denotes the product of the projectors (I ±Q)/2 onto the observed

outcomes of the Pauli operators Q measured on the path to L; in sector Z we write ΠL = ΠZ
L .

Lemma 2 (instrument and sector Z). (a) On each of the 13 paths the measured Pauli operators
are Hermitian and commute pairwise, so the Kraus operator of the path before decoding is the
orthogonal projector ΠP

L , and the 13 projectors sum to I. (b) For L ∈ {A1, A2, B}, ΠLuw = 0 for
w /∈ {2, 6} and ΠLu2 = −ΠLu6 = χL/2. Hence

ΠLψ
⊗8 = 1

2 ab f6(a, b)χL, ΠLΠSym = ΠL|EZ⟩⟨EZ |, ⟨EZ |ΠL|EZ⟩ = 16
56 = 2

7 . (10)

Proof. (a) X⊗8 and Z⊗8 commute with each other and with every PS with |S| even, Pauli operators
of a single type commute, and E1, E2, {0, 1} have even size. A product of commuting projectors
is the projector onto the joint eigenspace, and the leaf Kraus operators K of any measurement
tree satisfy

∑
K†K = I. (b) In sector Z every condition except X⊗8 = −1 is diagonal. These

conditions define a set SL of strings, closed under complementation because all masks have even
size, and ΠL|s⟩ = 1

2(|s⟩−|s̄⟩) for s ∈ SL, ΠL|s⟩ = 0 otherwise. Odd weights violate Z⊗8 = +1, and
08, 18 violate ZE1 = −1 (A1, A2) or ZE2 = −1 (B). Complementation permutes the weight-four
strings of SL, so ΠLu4 = 0, and it maps the weight-two strings of SL onto the weight-six ones, so
ΠLu2 = −ΠLu6 = 1

2
∑

(|ei + ej⟩ − |ei + ej⟩), summed over the pairs with ei + ej ∈ SL. Exactly
one of i, j lies in E1 for 16 pairs, those with ZE1 = −1; among them Z0Z1 = +1 selects TA1 and
Z0Z1 = −1 selects TA2 . Of the other 12 pairs, ZE2 = −1 holds for the 8 pairs of TB and ZE2 = +1
for {0, 3}, {1, 2}, {4, 5}, {6, 7}. By (4), ΠLψ

⊗8 = 1
2(a6b2 − a2b6)χL = 1

2abf6 χL. For Φ =
∑

w cwuw,
ΠLΦ = 1

2(c2 − c6)χL = ⟨EZ |Φ⟩χL/
√

56 and ΠLEZ = χL/
√

56.

Lemma 3 (sectors X and Y ). For each leaf label L, ΠX
L = H⊗8ΠLH

⊗8 and ΠY
L = R⊗8ΠLR

†⊗8.
Hence, for L ∈ {A1, A2, B}, ΠX

L ψ
⊗8 = 1

2a
′b′f6(a′, b′)H⊗8χL and ΠY

Lψ
⊗8 = 1

2a
′′b′′f6(a′′, b′′)R⊗8χL,

where (a′, b′) = Hψ = 1√
2(a + b, a − b) and (a′′, b′′) = R†ψ = 1√

2(a + ib, ia + b). Moreover
ΠP

LΠSym = ΠP
L |EP ⟩⟨EP | and ⟨EP |ΠP

L |EP ⟩ = 2/7 for P ∈ {X,Y }.

Proof. Conjugation by H⊗8 maps ZS to XS and exchanges X⊗8 and Z⊗8, so it maps the projectors
of the sector-Z path of L to those of the sector-X path. The map Q 7→ R⊗8QR†⊗8 fixes X⊗8

and sends ZS to (−Y )S = Y S for |S| even; where X⊗8 = −1, the image Y ⊗8 = X⊗8Z⊗8 of Z⊗8

equals +1 exactly where Z⊗8 = −1. So the sector-Z path of L goes to the sector-Y path. Now
ΠX

L ψ
⊗8 = H⊗8ΠL(Hψ)⊗8 and ΠY

Lψ
⊗8 = R⊗8ΠL(R†ψ)⊗8, and Lemma 2(b) applies. The last

statements follow by the same conjugations, since H⊗8 and R⊗8 commute with ΠSym.

Lemma 4 (decoders). For L ∈ {A1, A2, B}, DLχL = 4 |CCZ⟩OL
⊗ |0⟩⊗5, with |0⟩⊗5 on the other

qubits.

Proof. Write |+′⟩ = |0⟩ + |1⟩, so that H|+′⟩ =
√

2|0⟩, H(|0⟩ − |1⟩) =
√

2|1⟩ and H⊗2(|00⟩ − |11⟩) =
|01⟩ + |10⟩. First, Ga,b,c,dWabcd = 2 |CCZ⟩(a,b,c)|0⟩d: the three CX gates into d followed by Xd

map Wabcd to (|000⟩ + |100⟩ + |010⟩ + |001⟩)abc|0⟩d; the gates CXc,a and CXc,b map this to∑
u,v∈{0,1} |u, v, uv⟩abc|0⟩d; and Hc gives 2−1/2 ∑

u,v,t(−1)uvt|u, v, t⟩abc|0⟩d = 2 |CCZ⟩(a,b,c)|0⟩d.
DA1 : the gates CX0,1 and CX0,4, . . . ,CX0,7 map |11⟩01W 4567 to |10⟩01W4567 and fix |00⟩01W4567,

so χA1 7→ W23(|0⟩ − |1⟩)0|0⟩1W4567; then H0 and X0 turn (|0⟩ − |1⟩)0 into
√

2|0⟩0. The gate CX2,3
maps W23 to |+′⟩2|1⟩3, and H2, X3 give

√
2|00⟩23. The result is 2|0000⟩0123W4567, and G4,5,6,7

completes the claim. DA2 is identical with the pairs (0, 1) and (2, 3) exchanged.
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DB: on each pair (i, j) ∈ {(0, 3), (1, 2), (4, 5), (6, 7)} the gate CXi,j maps Wij 7→ |+′⟩i|1⟩j ,
|00⟩ 7→ |00⟩ and |11⟩ 7→ |10⟩. The gates CX3,2,CX5,7,CX3,5, X5 then reset qubits 2, 5 and 7 to
|0⟩, and the state on qubits 0, 1, 3, 4, 6 becomes

|1⟩3|+′⟩0|+′⟩1(|00⟩ − |11⟩)46 + |0⟩3(|00⟩ − |11⟩)01|+′⟩4|+′⟩6.

The Hadamard gates on qubits 0, 1, 4, 6 turn this into 2|1⟩3|00⟩01(|01⟩ + |10⟩)46 + 2|0⟩3(|01⟩ +
|10⟩)01|00⟩46. The gates CX4,3 and CX6,3 reset qubit 3, since exactly one of qubits 4, 6 is set in
the first term and neither in the second. This leaves 2W0146, and G0,1,4,6 completes the claim.

Lemma 5 (acceptance probabilities). Let m = (a8−wbw)8
w=0 and vk = êk − êk+4 for k = 1, 2, 3,

where ê0, . . . , ê8 are the unit vectors of R9. For an accepted leaf L of sector P the matrix
NP

ww′ = ⟨uw|ΠP
L |uw′⟩ is NZ = 4v2v

T
2 , NX = (v1 − v3)(v1 − v3)T or NY = (v1 + v3)(v1 + v3)T, and

∥ΠP
Lψ

⊗8∥2 = m†NPm. Summed over the nine accepted leaves,

N = 6
(
v1v

T
1 + 2v2v

T
2 + v3v

T
3

)
,

∑
P,L

∥ΠP
Lψ

⊗8∥2 = m†Nm = 6 |f6(a, b)|2
(
|a|2 + |b|2

)2
. (11)

Proof. From vT
km = a4−kbk(a4 − b4) one gets vT

1 m = a2f6, vT
2 m = abf6 and vT

3 m = b2f6.
By Lemma 2, ∥ΠLψ

⊗8∥2 = 1
4 |abf6|2∥χL∥2 = 4|vT

2 m|2. In sector X, a′b′ = 1
2(a2 − b2), a′2 −

b′2 = 2ab and a′2 + b′2 = a2 + b2, so f6(a′, b′) = f6(a, b) and, by Lemma 3, ∥ΠX
L ψ

⊗8∥2 =
|(a2 − b2)f6|2 = |(v1 − v3)Tm|2. In sector Y , a′′b′′ = i

2(a2 + b2), a′′2 − b′′2 = a2 − b2 and
a′′2 + b′′2 = 2iab, so f6(a′′, b′′) = −f6(a, b) and ∥ΠY

Lψ
⊗8∥2 = |(a2 + b2)f6|2 = |(v1 + v3)Tm|2.

By (4), ∥ΠP
Lψ

⊗8∥2 =
∑

w,w′ m̄wN
P
ww′mw′ ; since the functions (a, b) 7→ ā8−w b̄wa8−w′

bw′ on C2

are linearly independent, this Hermitian form determines NP . Three leaves per sector give
N = 3

[
4v2v

T
2 + (v1 − v3)(v1 − v3)T + (v1 + v3)(v1 + v3)T]

, and the values of vT
km give m†Nm.

Lemma 6 (Bloch form). For (a, b) ∈ C2 let x+ iy = 2āb, z = |a|2 − |b|2 and n = |a|2 + |b|2. Then
x2 + y2 + z2 = n2 and

1
2
(
n6 − x6 − y6 − z6)

= 6 |f6(a, b)|2 = 3
2 (n2 − x2)(n2 − y2)(n2 − z2).

In particular m3(ψ) = 6|f6|2 = 3
2(1 − x2)(1 − y2)(1 − z2) for normalised ψ.

Proof. First, x2 + y2 + z2 = 4|a|2|b|2 + (|a|2 − |b|2)2 = n2 and 4|ab|2 = n2 − z2. Next, |a2 ± b2|2 =
|a|4 + |b|4 ± 2 Re

[
(āb)2]

= 1
2(n2 + z2) ± 1

2(x2 − y2), so |a2 − b2|2 = n2 − x2 and |a2 + b2|2 = n2 − y2.
As |f6|2 = |ab|2|a2 − b2|2|a2 + b2|2, this gives 4|f6|2 = (n2 − x2)(n2 − y2)(n2 − z2). Finally
(ξ + η + ζ)3 − ξ3 − η3 − ζ3 = 3(ξ + η)(η + ζ)(ζ + ξ), applied to ξ = x2, η = y2, ζ = z2 with
ξ + η + ζ = n2, gives the first equality.

Proof of Theorem 1. The protocol Λ∗ uses only measurements of Pauli operators, choices of later
measurements and gates that depend on earlier outcomes (classical feedforward), the Clifford
gates CX, X, H and R = e−iπ/4HSH, and discarding. It uses no auxiliary state and no catalyst,
and nothing in it depends on ψ. At an accepted leaf L of sector P , Lemmas 2 and 3 give
ΠP

Lψ
⊗8 = cCPχL with a scalar c = cP,L(ψ), so by Lemma 4 DLC

†
P ΠP

Lψ
⊗8 = 4c |CCZ⟩OL

⊗ |0⟩⊗5.
Whenever the leaf occurs (c ≠ 0), discarding the five qubits in |0⟩⊗5 leaves exactly |CCZ⟩OL

; hence
Λ∗ ∈ U8. By Lemma 2(a) the leaf occurs with probability ∥ΠP

Lψ
⊗8∥2, and Lemmas 5 and 6 give

pΛ∗(ψ) = 6|f6|2 = m3(ψ) for normalised ψ.

5 Consequences

Corollary 7. For every pure qubit ψ, m3(ψ) ≤ p∗
8(ψ) ≤ 7

6m3(ψ), and m3(ψ) = 0 exactly at the
six stabilizer states. Hence Eq. (2) fails at every non-stabilizer ψ, where p∗

8 ≥ 3
2 · 2

3m3, and holds,
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with both sides zero, at the six stabilizer states. At the T-type state, with Bloch vector (1, 1, 1)/
√

3,
pΛ∗ = m3 = 4/9, compared with 2

3m3 = 8/27 and 7
6m3 = 14/27; at the H-type state, with Bloch

vector (1, 0, 1)/
√

2 [3], the three values are 3/8, 1/4 and 7/16.

Proof. The lower bound is Theorem 1, and the upper bound is [1, Proposition 1] (see also (7)).
By Lemma 6, m3 = 0 exactly when a Bloch component has modulus 1, that is, at the six stabilizer
states. The values follow from m3 = 3

2(1 − x2)(1 − y2)(1 − z2).

Remark 8 (mechanism). By Lemmas 2 and 3, ΠSymΠP
LΠSym = 2

7 |EP ⟩⟨EP | for each accepted leaf:
the leaf keeps 2/7 of EP , the ratio of its 8 pairs to all 28 pairs. Summing over the nine leaves,∑

P,L ΠSymΠP
LΠSym = 6

7ΠM8 . By Lemma 5, the matrix of ΠM8 in the basis (uw) is therefore
7
6N = 7(v1v

T
1 + 2v2v

T
2 + v3v

T
3 ), and ⟨ψ⊗8|ΠM8 |ψ⊗8⟩ = 7|f6|2 = 7

6m3. The six leaves A1, A2 keep
4/7 of each EP and give 4(v1v

T
1 + 2v2v

T
2 + v3v

T
3 ), that is, 4

7 · 7
6m3 = 2

3m3. This is the success
probability of the eight-copy protocol of [1], which also keeps 4/7 of the weight in M8; we do not
claim that the leaves A1, A2 coincide gate by gate with that protocol. The leaf B acts on the
outcome +PE1 , which the leaves A1, A2 discard, and adds 2/7 per sector.

Proposition 9 (the missing seventh). In sector Z the rejected leaf R satisfies ΠRψ
⊗8 = 1

2(a8 −
b8) GHZ− + 1

2 ab f6 χC , where GHZ− = |08⟩ − |18⟩ and χC =
∑

(|ei + ej⟩ − |ei + ej⟩), summed over
the pairs {0, 3}, {1, 2}, {4, 5}, {6, 7}. Both vectors are stabilizer vectors, ΠR has rank two on Sym8,
and ⟨EZ |ΠR|EZ⟩ = 1/7. Let Λ ∈ U8 first perform the measurements of Λ∗ and then continue in
any way. Every accepted branch of Λ through the root outcome (+1,+1) or through a leaf R has
probability zero for every ψ, and pΛ ≤ pΛ∗ = m3.

Proof. The formula follows as in Lemma 2(b); now 08, 18 ∈ SR, and the four listed pairs
are those with ei + ej ∈ SR. The vector GHZ− is a stabilizer vector, and the Clifford cir-
cuit [CX0,3,CX1,2,CX4,5,CX6,7,CX0,6,CX1,6,CX4,6, X6] maps χC to the triangle graph state∑

u∈{0,1}3(−1)u1u2+u1u3+u2u3 |u⟩0,1,4 times |0⟩⊗5. The capture is ∥ΠREZ∥2 = ∥χC∥2/56 = 1/7. An
accepted Kraus operator of Λ through R has the form K = K ′ΠR, with K ′ a composition of stabi-
lizer operations. By (7) and ΠREX = ΠREY = 0, Kψ⊗8 = K ′ΠRΠM8ψ

⊗8 = ⟨EZ |ψ⊗8⟩K ′χC/
√

56.
Exactness at any ψ with ⟨EZ |ψ⊗8⟩ ≠ 0 forces K ′χC ∈ C|CCZ⟩; as K ′χC is a stabilizer vector or
zero, K ′χC = 0. Sectors X and Y follow by the conjugations of Lemma 3, and the root outcome
(+1,+1) because its projector annihilates M8. From an accepted leaf of Λ∗ no continuation accepts
with more than the probability of the leaf; summing over the leaves gives pΛ ≤ m3.

Measuring Z{0,1,4,6} on the leaf R of sector Z isolates the missing seventh (outcome −1 gives a
leaf of rank one on Sym8 with capture 1/7), but its state χC is a stabilizer state. Reaching 7

6m3
requires the accepted branches to keep all of M8, which by Proposition 9 needs a measurement
tree that does not refine the one of Λ∗. Conversely, an upper bound below 7

6m3 must use more of
the stabilizer structure than condition (7), which alone permits 7

6m3. The exact value of p∗
8 in

[m3,
7
6m3] remains open.

6 Verification

The file check_eight_copy_ccz.py is standalone. It uses only the Python standard library, exact
arithmetic with integers, Gaussian integers and fractions, and no network, and it takes no input;
its output is fixed in expected_stdout.txt (20 PASS lines and a verdict). It builds the 13-leaf
tree from Pauli masks and applies each path as a product of factors I ± Q, so commutation is
checked rather than assumed. It checks its Pauli and gate conventions; commutation on every path
and

∑
ΠP

L = I on all 256 basis vectors; the rank-one property and the states (9); the captures 2/7;
the decoders (8) gate by gate, also on sector-X and sector-Y leaf states computed from their own
projectors; the Pauli spectrum of all leaf states; Eq. (11), dimM8 = 3 and N = 6

7 times the matrix
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of ΠM8 ; Lemma 6 and m†Nm = 6|f6|2|ψ|4 as polynomial identities in a, b, ā, b̄; and pΛ∗ = m3 at
three Gaussian-rational inputs. As controls, the leaves A1, A2 give 2

3m3, wrong decoders fail, the
leaf isolating χC outputs a stabilizer state, and R has rank two. The program prints 21 lines
in under a second, byte-identically on the host and in an isolated container without network
(reproduction.json). The harness mutate.py applies 25 single-point mutations (masks, outcome
signs, sectors, decoder gates, conventions and coefficients), each of which makes the program exit
with a nonzero status, and six equivalent edits, such as E2 → E1 ⊕ E2, which leave its output
unchanged (MUTATION_REPORT.txt). Reproduction shows only that the program computes what
it prints. Theorem 1 rests on the written argument of Section 4, and the program checks every
finite identity that the argument uses.

AI assistance and review status

AI tools were used to develop the argument, to write the verification program, to assist with
exposition and to conduct internal adversarial reviews. The manuscript follows the evidence-
tracking guidance of Scientific Agent Skills [6]. These activities are disclosed as AI assistance, not
as external refereeing or formal proof verification.

The protocol was found in an internal research round, after an earlier round had reproduced
the bound 7

6m3. An adversarial review was then performed by AI in an isolated context, from the
claim text alone. It rebuilt the tree with sequential products of projectors and verified exactly the
completeness of the instrument, the rank-one property and the states of all nine accepted leaves,
the decoders (with the sector-X and sector-Y leaves built from their own projectors), Eq. (11),
the Bloch conversion and membership in the class of stabilizer protocols of [1]; a floating-point
run over 60 random inputs agreed to within 3.3 × 10−15. A separate simulation, also written
from the claim text alone, decoded every accepted branch for 40 random inputs with fidelity
1 − 4 × 10−15 and reproduced pΛ∗ = m3 to within 1.3 × 10−15. No independent human expert
has examined this argument, and no novelty certification by a human is recorded. On
28 September 2026 the preprint [1] had a single version (v1, 13 August 2026); its full text was
read by AI and states that optimality at eight copies remains open. Two web searches and arXiv
checks on that day found no later work on eight-copy universal concentration, and the problem
record [2] was still listed as unsolved.
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