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Abstract

Let 𝐹 ∗
𝑑(𝑁) denote the optimal entanglement fidelity of deterministic port-based teleportation with 𝑁 ports

and local dimension 𝑑, optimizing the resource and Alice’s measurement. We give a proof candidate for the
existence and value of 𝜑(𝑐) = lim𝑑→∞ 𝐹 ∗

𝑑(max{1, ⌊𝑐𝑑2⌋}) for every fixed 𝑐 > 0. The answer is 𝑐 for
0 < 𝑐 ≤ 1/4. Above this threshold it is specified by one real parameter and elementary trigonometric in-
tegrals. The proof starts with the published teleportation-matrix characterization, identifies Young-diagram
branching with fermionic hopping, and obtains matching bounds. A bounded commutator controls the pas-
sage from fixed diagram size to mean size; explicitly discretized Slater states and a variance estimate give
the reverse passage. No fixed-dimensional expansion is substituted into the joint limit.

Statement

Use the entanglement-fidelity convention

𝐹𝑒(𝒯) = Tr[Φ𝑑(id ⊗ 𝒯)(Φ𝑑)], Φ𝑑 = 1
𝑑

𝑑
∑

𝑎,𝑏=1
|𝑎𝑎⟩⟨𝑏𝑏|.

Bob selects a port and performs no correcting unitary. Both the resource state and Alice’s measurement are
optimized. This is the model in QIQCOP problem op_25342dbb8d64e728 [1].

Theorem. For each fixed 𝑐 > 0, the limit

𝜑(𝑐) = lim
𝑑→∞

𝐹 ∗
𝑑(𝑁𝑑), 𝑁𝑑 = max{1, ⌊𝑐𝑑2⌋},

exists. For 0 < 𝑐 ≤ 1/4, it equals 𝑐. For 𝑐 > 1/4, set

𝐼𝑗(𝜇) = 1
𝜋 ∫

𝜋

0
(cos 𝑝 − 𝜇)𝑗

+ 𝑑𝑝 (𝑗 = 1, 2).
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There is a unique 𝜇 ∈ (−1, 1) with

𝑐 + 1
2 = 𝐼2(𝜇)

2𝐼1(𝜇)2 .

The answer is

𝜑(𝑐) = [𝜇 + 𝐼2(𝜇)
𝐼1(𝜇)]

2
.

Here 𝑥+ = max{𝑥, 0}. For numerical evaluation, put 𝜃 = arccos𝜇:

𝐼1 = sin 𝜃 − 𝜇𝜃
𝜋 , 𝐼2 = (1/2 + 𝜇2)𝜃 − (3/2)𝜇 sin 𝜃

𝜋 .

For example, the certified evaluation at 𝑐 = 1/2 lies in (0.472865, 0.472867). This interval checks the
formula at one point; the following proof addresses every 𝑐 > 0.

Branching as fermionic hopping

The finite-resource characterization of Mozrzymas et al. [2] gives

𝐹 ∗
𝑑(𝑛) = ‖𝐷𝑑,𝑛‖2

𝑑2 ,

where 𝐷𝑑,𝑛 maps a partition of 𝑛 with at most 𝑑 rows to the sum of its immediate predecessors. Indeed,
𝐷∗

𝑑,𝑛𝐷𝑑,𝑛 has diagonal entry equal to the number of removable boxes and off-diagonal entry one precisely
for a permissible one-box move. This is the teleportation matrix with the stated normalization. We use this
published characterization as an input, not as a new result.

On ℓ2(ℕ0), let 𝑆|𝑥⟩ = |𝑥 − 1⟩ for 𝑥 ≥ 1, 𝑆|0⟩ = 0, and 𝑋|𝑥⟩ = 𝑥|𝑥⟩. On the 𝑑-fold exterior power,
define

𝑇 = 𝑑Γ(𝑆), 𝑉 = 𝑑Γ(𝑋), 𝑄 = 𝑉 − 𝑑(𝑑 − 1)
2 .

Increasing particle coordinates 𝑥1 < ⋯ < 𝑥𝑑 correspond to a partition through 𝜆𝑖 = 𝑥𝑑+1−𝑖 − (𝑑 − 𝑖).
Thus 𝑄 is the diagram size. A permitted one-step lowering never crosses another particle, so its coefficient
is positive. Consequently 𝑇 on grade 𝑄 = 𝑛 is 𝐷𝑑,𝑛 and annihilates grade zero. Moreover,

‖𝑇 ‖ ≤ 𝑑, [𝑇 , 𝑇 ∗] = 𝑑Γ(|0⟩⟨0|) = 𝐾, 0 ≤ 𝐾 ≤ 𝐼.

The last inequality is the exclusion principle at one site. All vectors used first in the argument have finite
support; the unbounded operators 𝑄 and 𝑉 then cause no domain ambiguity.
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Upper bound

From fixed grade to mean grade

Write 𝐴 = 𝑇 ∗𝑇 and choose a unit top eigenvector 𝜓 of 𝐴 in grade 𝑛, with eigenvalue 𝑎2 = ‖𝐷𝑑,𝑛‖2. This
grade is finite dimensional. Fix an integer 𝑚 independently of 𝑑, and set 𝑣𝑗 = (𝑇 ∗)𝑗𝜓 for 0 ≤ 𝑗 ≤ 𝑚.
Since [𝐴, 𝑇 ∗] = 𝑇 ∗𝐾, telescoping gives

‖(𝐴 − 𝑎2)𝑣𝑗‖ ≤ 𝑗𝑑𝑗.

Consider a subsequence on which 𝑎/𝑑 ≥ 𝜂 > 0. The identity

‖𝑣𝑗+1‖2 = 𝑎2‖𝑣𝑗‖2 + ⟨𝑣𝑗, (𝐴 − 𝑎2)𝑣𝑗⟩ + ⟨𝑣𝑗, 𝐾𝑣𝑗⟩

implies inductively

‖𝑣𝑗‖ = 𝑎𝑗(1 + 𝑂𝑚,𝜂(𝑑−2)).

To verify the error, once ‖𝑣𝑗‖ is of order 𝑑𝑗, the last two terms are 𝑂𝑚,𝜂(𝑑2𝑗), whereas the first is of order
𝑑2𝑗+2. The induction starts with 𝑣0 = 𝜓 and also proves nonvanishing.

The normalized 𝑤𝑗 = 𝑣𝑗/‖𝑣𝑗‖ occupy distinct grades, and

⟨𝑤𝑗, 𝑇 𝑤𝑗+1⟩ = ‖𝑣𝑗+1‖
‖𝑣𝑗‖

= 𝑎(1 + 𝑂𝑚,𝜂(𝑑−2)).

Let 𝛼𝑗 = √2/(𝑚 + 2) sin(𝜋(𝑗 + 1)/(𝑚 + 2)) and 𝑧 = ∑𝑚
𝑗=0 𝛼𝑗𝑤𝑗. The path-matrix sine identity gives

⟨𝑧,Re(𝑇 )𝑧⟩
𝑑 = 𝑎

𝑑 cos
𝜋

𝑚 + 2 + 𝑂𝑚,𝜂(𝑑−2), ⟨𝑧, 𝑄𝑧⟩ ≤ 𝑛 + 𝑚.

An asymptotic upper bound at bounded mean grade therefore bounds the fixed-grade singular value, after
first 𝑑 → ∞ and then 𝑚 → ∞. Subsequences with 𝑎/𝑑 → 0 already satisfy the positive bounds below.

A one-particle trace limit

For fixed 𝑏 > 0 and real 𝜇, define ℎ𝑏,𝑑 = Re(𝑆) − 𝑏𝑋/𝑑. It is self-adjoint on the domain of 𝑋, bounded
above, and has compact resolvent. We claim

lim
𝑑→∞

1
𝑑 Tr(ℎ𝑏,𝑑 − 𝜇)+ = 𝐼2(𝜇)

2𝑏 .

Choose𝐶 > max{0, (1−𝜇)/𝑏}+1. Remove the hopping edge between sites below ⌊𝐶𝑑⌋ and the remaining
half-line. The removed operator has trace norm one. On the tail, Re(𝑆) ≤ 𝐼 and 𝑋/𝑑 ≥ ⌊𝐶𝑑⌋/𝑑, so the
tail contributes no positive trace for large 𝑑.
For an operator bounded above with finite positive trace, Tr(𝐵)+ = sup0≤𝑃≤𝐼, 𝑃 finite rank Tr(𝑃𝐵). This
variational identity shows that a trace-class perturbation changes the positive trace by at most its trace norm.
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Partition the retained interval into a fixed number 𝑀 of blocks approximating a partition of [0, 𝐶], and
remove the 𝑀 − 1 internal edges. Their total error is at most 𝑀 − 1.
On each block, replacing 𝑋/𝑑 by the lower or upper endpoint orders the original operator. The gap in
potential is at most 𝑏 times the mesh plus 𝑂(1/𝑑). The two normalized positive traces differ by at most 𝐶𝑏
times the mesh plus 𝑜(1): in dimension 𝐿, a scalar shift 𝜖 changes the positive trace by at most 𝐿|𝜖|. A
length-𝐿 constant-potential block has eigenvalues cos(𝑘𝜋/(𝐿 + 1)) − 𝑏𝑦, 𝑘 = 1, … , 𝐿. With the partition
fixed, let 𝑑 grow and use Riemann sums; then refine the partition. The result is

1
𝜋 ∫

𝐶

0
∫

𝜋

0
(cos 𝑝 − 𝑏𝑦 − 𝜇)+ 𝑑𝑝 𝑑𝑦 = 𝐼2(𝜇)

2𝑏 .

The integrand vanishes beyond 𝐶 . Every cutting error was 𝑂(𝑀)/𝑑 before refinement, which fixes the
required order of limits.

Evaluation of the bound

The one-particle density matrix of a normalized 𝑑-fermion state satisfies 0 ≤ 𝛾 ≤ 𝐼 and Tr 𝛾 = 𝑑. Filling
the 𝑑 largest one-particle levels bounds its expectation of 𝑑Γ(ℎ𝑏,𝑑). For any real 𝜇, their sum is at most
𝑑𝜇 + Tr(ℎ𝑏,𝑑 − 𝜇)+. Hence

⟨Re(𝑇 )⟩
𝑑 ≤ 𝜇 + 1

𝑑 Tr(ℎ𝑏,𝑑 − 𝜇)+ + 𝑏⟨𝑉 ⟩
𝑑2 .

For the ladder states at 𝑛 = 𝑁𝑑, ⟨𝑉 ⟩/𝑑2 ≤ 𝑐 + 1/2 + 𝑜(1). The preceding two steps give

lim sup
𝑎
𝑑 ≤ 𝜇 + 𝑏(𝑐 + 1/2) + 𝐼2(𝜇)

2𝑏 .

Set 𝑏 = 𝐼1(𝜇) and choose 𝜇 to satisfy 𝑐 + 1/2 = 𝐼2/(2𝐼2
1 ). If 0 < 𝑐 ≤ 1/4, take 𝜇 = −1/(2√𝑐) ≤ −1.

Then 𝐼1 = −𝜇, 𝐼2 = 𝜇2 + 1/2, and the bound is 𝑞(𝑐) = √𝑐. If 𝑐 > 1/4, it is 𝑞(𝑐) = 𝜇 + 𝐼2/𝐼1 with
−1 < 𝜇 < 1.
For completeness, let 𝜃 = arccos𝜇 and 𝐽 = 𝜃/𝜋. Differentiation gives 𝐼′

1 = −𝐽 and 𝐼′
2 = −2𝐼1, so

𝑑
𝑑𝜇

𝐼2
2𝐼2

1
= 𝐼2𝐽 − 𝐼2

1
𝐼3

1
> 0

by strict Cauchy–Schwarz on [0, 𝜃]. The ratio tends to 3/4 at 𝜇 = −1 and diverges at 𝜇 = 1: as 𝜃 ↓ 0,
uniform Taylor expansion gives 𝐼1 ∼ 𝜃3/(3𝜋) and 𝐼2 ∼ 2𝜃5/(15𝜋), hence the ratio is asymptotic to
3𝜋/(5𝜃). This proves uniqueness and continuity of the parameter. The formulas agree at 𝑐 = 1/4, where
𝑞 = 1/2. Also 𝑞 > 0: the numerator 𝐼2 + 𝜇𝐼1 is the integral of cos 𝑝(cos 𝑝 − 𝜇)+; positivity follows by
pairing 𝑝 with 𝜋 − 𝑝 when 𝜇 < 0, and directly when 𝜇 ≥ 0. We conclude that lim sup𝐹 ∗

𝑑(𝑁𝑑) ≤ 𝑞(𝑐)2.
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Matching lower bound

Fix 0 < 𝑐′ < 𝑐 and use its parameters 𝜇, 𝑏 above. Define a continuous profile on 𝑦 ≥ 0 by

𝑓(𝑦) =
⎧{
⎨{⎩

1, 𝜇 + 𝑏𝑦 ≤ −1,
𝜋−1 arccos(𝜇 + 𝑏𝑦), −1 < 𝜇 + 𝑏𝑦 < 1,
0, 𝜇 + 𝑏𝑦 ≥ 1.

It is supported in [0, 𝑌 ], where 𝑌 = (1 − 𝜇)/𝑏. Fubini gives

∫ 𝑓 = 1, ∫ 𝑦𝑓(𝑦) 𝑑𝑦 = 𝑐′ + 1
2, ∫ sin(𝜋𝑓(𝑦))

𝜋 𝑑𝑦 = 𝑞(𝑐′).

The first two integrals are 𝐼1/𝑏 and 𝐼2/(2𝑏2). The third is (𝐼2 + 𝜇𝐼1)/𝑏, obtained by integrating cos 𝑝 over
0 ≤ 𝑝 ≤ 𝜋𝑓(𝑦).
Choose a finite partition 0 = 𝑦0 < ⋯ < 𝑦𝑀 = 𝑌 and replace 𝑓 by its cell averages 𝑓𝑗. Its mass remains
exactly one. As the mesh tends to zero, the cell-midpoint first moment tends to 𝑐′ + 1/2, and the sum of cell
widths times sin(𝜋𝑓𝑗)/𝜋 tends to 𝑞(𝑐′). Choose the mesh small enough that the first moment minus 1/2 is
strictly below 𝑐.
For large 𝑑, make disjoint site blocks with endpoints ⌊𝑑𝑦𝑗⌋ and lengths 𝐿𝑗. In block 𝑗, occupy its first 𝑘𝑗
normalized sine orbitals, with 0 ≤ 𝑘𝑗 ≤ 𝐿𝑗, ∑ 𝑘𝑗 = 𝑑, and 𝑘𝑗/𝑑 → (𝑦𝑗 − 𝑦𝑗−1)𝑓𝑗. Such integers follow
by rounding and 𝑂(𝑀) corrections. At least one positive-width cell has 0 < 𝑓𝑗 < 1, providing enough
occupied and vacant slots for those corrections for large 𝑑.
Form the Slater determinant of these 𝑑 orbitals. Cross-block one-body density vanishes, so hopping between
blocks has zero expectation. The sine formulas yield

⟨𝑇 ⟩
𝑑 ⟶ ∑

𝑗

(𝑦𝑗 − 𝑦𝑗−1) sin(𝜋𝑓𝑗)
𝜋 ,

⟨𝑄⟩
𝑑2 ⟶ ∑

𝑗

(𝑦𝑗 − 𝑦𝑗−1)(𝑦𝑗−1 + 𝑦𝑗)𝑓𝑗
2 − 1

2 < 𝑐.

All occupied sites lie below 𝑌 𝑑 + 𝑂(1). If 𝑃 is the orbital projection, the Slater occupation identities give

Var(𝑄) = Tr(𝑃𝑋(𝐼 − 𝑃)𝑋) ≤ Tr(𝑃𝑋2) ≤ 𝑑(𝑌 𝑑 + 𝑂(1))2 = 𝑂(𝑑3).

The strictly positive mean margin and Chebyshev’s inequality therefore imply Pr(𝑄 > 𝑁𝑑) = 𝑂(1/𝑑).
Decompose the Slater state 𝜓 = ∑𝑛 𝜓𝑛 by grade. The vectors 𝑇 𝜓𝑛 occupy distinct grades. Operational
fidelity is nondecreasing in the number of ports: an additional port can be ignored using a zero measurement
effect and a product extension of the resource. Together with ‖𝑇 ‖ ≤ 𝑑 and the branching characterization,
this gives
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|⟨𝜓, 𝑇 𝜓⟩|2
𝑑2 ≤ ‖𝑇 𝜓‖2

𝑑2

≤ 𝐹 ∗
𝑑(𝑁𝑑) ∑

𝑛≤𝑁𝑑

‖𝜓𝑛‖2 + ∑
𝑛>𝑁𝑑

‖𝜓𝑛‖2

≤ 𝐹 ∗
𝑑(𝑁𝑑) + Pr(𝑄 > 𝑁𝑑).

The grade-zero contribution vanishes. First take 𝑑 → ∞ with the partition fixed; then refine it, preserving
the positive mean margin. This proves lim inf𝐹 ∗

𝑑(𝑁𝑑) ≥ 𝑞(𝑐′)2. Finally let 𝑐′ ↑ 𝑐 and use continuity. The
matching upper bound proves the theorem for every 𝑐 > 0.

Relation to prior work and verification

The finite teleportationmatrix is due toMozrzymas et al. [2]. Christandl et al. [3, Section 8] explicitly discuss
the limit at fixed 𝑁/𝑑2; their fixed-dimensional asymptotics do not determine it. Yoshida et al. [4] relate
port-based teleportation to unitary estimation and give order estimates; an order estimate does not specify the
entire crossover function. The proposed contribution here is the matching joint-limit proof and the resulting
function. A targeted source comparison did not locate the same formula, but it was not an exhaustive priority
search.

The full proof originated in round 36, following exploratory sine-orbital lower bounds. It passed two frozen
internal reviews, including the grade-transfer argument, tail truncation, integer particle counts, and limit
order. The supplementary checker verifies the branching commutator on 60 small partition layers exactly.
Separate finite spectral calculations and a rational interval evaluation provide further controls. None is a
machine proof of the limiting theorem. The original frozen text is included alongside this typeset exposition.

The result addresses the entire stated crossover question, but does not provide a finite-𝑑 error rate or an
efficient implementation of the optimal resources. External expert review is requested. K-Dense’s scientific-
writing guidance [5] was used for evidence tracking and exposition.
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